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Main problematic

Solving ODE/PDE
dU

dt
= f (U, t), for t ∈ [0,T ]

To use a PinT algorithm, you should ...

1. Define the number of time sub-intervals N (processors ...)

2. Define some inner discretization of time sub-intervals

3. Choose a time-parallel algorithm (Parareal, MGRIT, PFASST, ...)

4. Choose time-integrators for each time sub-interval

5. Select time-integration settings (number of inner time steps, ...)

6. Select PinT algorithm parameters (number of iterations, ...)

7. ...
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Perspective from a Starting PhD Student

Supervisor idea :
”Let’s use PinT to speedup simulation for this problem, it looks cool !”

PhD student reaction :

... and don’t get me started on the problem’s influence (parabolic, hyperbolic, ...)
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Known Issues in PinT Community

▶ Numerous publications, usually complex and dense ...
→ see http://parallel-in-time.org/references/index.html

▶ Many algorithm defined with specific notations / scheme
→ need a lot of time to understand and select the best solution

▶ No standardized performance comparison of each algorithms
→ very hard to find the most efficient one for the problem of interest

Motivation to describe and analyze everything
from the same perspective
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Chronological Pathway

1. First (relatively easy) contact with Parareal

uk+1
n+1 = (F − G )ukn + Guk+1

n

→ use a ”block”-like formulation

2. Discovering MGRIT with FCF-relaxation
→ block formulation found by Gander, Kwok & Zhang

uk+1
n+1 = (F − G )Fukn−1 + Guk+1

n

⇒ Idea to use generating functions to obtain generic error bounds
(Gander & Hairer)
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Chronological Pathway

3. Trying to understand PFASST components for simple linear ODE

BGS-SDC : uk+1
n+1 = uk

n+1 + [I−Q∆]
−1

(
Huk+1

n − (I−Q)uk
n+1

)
BJ-SDC : uk+1

n+1 = uk
n+1 + [I−Q∆]

−1
(
Huk

n − (I−Q)uk
n+1

)

⇒ Also a block formulation, can use generating functions too !
⇒ Let’s try to write every PinT algorithm with the same formalism ...

⇒ Generating Function Method (GFM) Framework

PinT Analysis Framework | T. Lunet 6



Chronological Pathway

3. Trying to understand PFASST components for simple linear ODE

BGS-SDC : uk+1
n+1 = uk

n+1 + [I−Q∆]
−1

(
Huk+1

n − (I−Q)uk
n+1

)
BJ-SDC : uk+1

n+1 = uk
n+1 + [I−Q∆]

−1
(
Huk

n − (I−Q)uk
n+1

)

⇒ Also a block formulation, can use generating functions too !
⇒ Let’s try to write every PinT algorithm with the same formalism ...

⇒ Generating Function Method (GFM) Framework

PinT Analysis Framework | T. Lunet 6



GFM Framework

Let us focus on an elementary time-dependent ODE :

du

dt
= λu, λ ∈ C, t ∈ [0,T ]

⇒ iterative PinT algorithms applied on it solve the linear system :
ϕ
−χ ϕ

. . .
. . .

−χ ϕ




u1

u2
...

uN

 =


χ(u01I)

0
...
0

 ⇔ Au = f

using a given iterative method.

Specific lower-diagonal block formulation due to the time-dependency
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GFM Framework

First step : decomposition into time blocks

▶ [0,T ] decomposed into N sub-intervals [tn, tn+1] of size ∆t

▶ Block discretization: τn,m = tn +∆tτm, m ∈ {1, 2, ...,M}

⇒ time steps of a time discretization, nodes of collocation method, ...

▶ Numerical approximation of the solution on one block

un = [un,1, un,2, ..., un,M ]T

→ can be vector or scalar (with M = 1)

▶ In practice : one block → one computation process for PinT
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GFM Framework

Second step : define some block operators

Linear operators mapping two consecutive block variables

ϕ(un+1) = χ(un) ⇔ un+1 = ϕ
−1χun := ψ(un)

▶ ϕ is a bijective operator (time-integration scheme)
▶ Runge-Kutta type
▶ Multistep
▶ Collocation based method
▶ ...

▶ χ is used to build the initial solution for the next block
→ depends on the chosen time-integration scheme
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GFM Framework

Example with Runge-Kutta time integration

Stability function R(z) ≈ ez , ℓ equidistant time steps per block.

▶ interface formulation (natural approach): M := 1

ϕ := R(λ∆t/ℓ)−ℓ, χ := 1

▶ volume formulation: M := ℓ, τm := m/ℓ, r := R(λ∆t/ℓ)−1

ϕ :=

 r
−1 r

. . .
. . .

 , χ :=


0 . . . 0 1
...

... 0
...

...
...


▶ other volume formulations are possible

▶ similar idea for other time discretizations (multistep, collocation, ...)
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GFM Framework

Back to the generic global problem
ϕ
−χ ϕ

. . .
. . .

−χ ϕ




u1

u2
...

uN

 =


χ(u01I)

0
...
0

 ⇔ Au = f

First iterative approach to solve such system :

uk+1 = uk + P−1(f − Auk)

⇒ For ”standard” preconditionners P, write the associated
Block Iteration Formula
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Primary Block Iterations

1) Damped Block Jacobi (BJ)
▶ Full matrix representation :

PBJ =
1

ω

ϕ . . .

ϕ

 , ω > 0

→ completely parallel within each block once uk is known
→ in practice, used as a smoother (slow convergence)

▶ Block Iteration formula :

uk+1
n+1 = (1− ω)uk

n+1 + ωϕ−1χuk
n

PinT Analysis Framework | T. Lunet 12



Primary Block Iterations

2) Approximate Block Gauss-Seidel (ABGS)
▶ Full matrix representation :

PABGS =


ϕ̃

−χ ϕ̃
. . .

. . .

−χ ϕ̃


→ ϕ̃ is a cheaper approximation of ϕ (e.g. easier to invert)
→ not fully parallel, but sequential part is supposed to be cheap

▶ Block Iteration formula :

uk+1
n+1 = [I− ϕ̃−1ϕ]uk

n+1 + ϕ̃
−1χuk+1

n
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First Examples

First application : description of Parareal

1. One BJ iteration (ω = 1) : uk+1/2
n+1 = ϕ−1χuk

n

2. One ABGS iteration : uk+1
n+1 = [I− ϕ̃−1ϕ]uk+1/2

n+1 + ϕ̃−1χuk+1
n

Second application : description of Parareal with overlap

1. Two BJ iterations :
uk+1/2
n+1 = ϕ−1χuk

n

uk+1/3
n+1 = ϕ−1χuk+1/2

n

2. One ABGS iteration : uk+1
n+1 = [I− ϕ̃−1ϕ]uk+1/3

n+1 + ϕ̃−1χuk+1
n

→ also equivalent (to some extend) to MGRIT with FCF-Relaxation
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Time Multigrid in GFM Framework

Coarse Grid Correction (CGC) for Time Multi-Grid (TMG)

1) Coarse problem for each block of size MC < M :
ϕC

−χC ϕC

. . .
. . .

−χC ϕC



uC
1

uC
2
...

uC
N

 =


TC

Fχ(u01I)
0
...
0

 ⇔ ACuC = f C

→ same time-stepping method, but more points (h-coarsening)
→ lower order Collocation based time-stepping (p-coarsening)

2) Restriction and prolongation operators between coarse and fine block :

▶ TC
F or shape (MC ,M), from fine to coarse

▶ TF
C or shape (M,MC ), from coarse to fine
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Time Multigrid in GFM Framework

3) CGC in global form :

uk+1 = uk + T̄F
CA

−1
C T̄C

F (f − Auk)

4) Additional simplifying assumptions :

1. TC
FT

F
C = I : invariance of interpolation + restriction on a coarse field

2. ∆χ = TC
Fχ− χCT

C
F = 0 : usually verified in TMG-based algorithms

⇒ Block Iteration of the CGC :

uk+1
n+1 = (I− TF

Cϕ
−1
C TC

Fϕ)u
k
n+1 + TF

Cϕ
−1
C TC

Fχuk+1
n

→ similarities with ABGS :

uk+1
n+1 = [I− ϕ̃−1χ]uk

n+1 + ϕ̃
−1χuk+1

n
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Second Examples

Time Multi-Grid on two levels

1. One BJ iteration (smoother) : uk+1/2
n+1 = (1− ω)uk

n+1 + ωϕ−1χuk
n

2. One CGC : uk+1
n+1 = (I− TF

Cϕ
−1
C TC

Fϕ)u
k+1/2
n+1 + TF

Cϕ
−1
C TC

Fχuk+1
n

PFASST with two levels

1. One Approximate BJ iteration :

uk+1/2
n+1 =

[
I− ϕ̃−1ϕ

]
uk
n+1 + ϕ̃

−1χuk
n

2. One ABGS iteration on coarse level to solve the CGC
→ details not shown ...
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Block Iterations for PinT

⇒ represent any iterative PinT algorithm like this :

uk+1
n+1 = B0

0u
k
n + B0

1u
k
n+1 + B1

0u
k+1
n + ...

→ write generic error bound for each iterative PinT methods
→ compare convergence/speedup of each algorithm on equivalent basis
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First Application

Modeled maximum parallel speedup in complex plane

→ example : Parareal on 10 blocks, RK4, coarse/fine time-step ratio of 20

3 2 1 0
Re(λ)

3

2

1

0

1

2

3

Im
(λ

)

Block-by-Block Schedule

0.913

1.005

1.124

1.274

1.471

1.739

2.128

2.740

3.846

6.452

0.0913

0.1005

0.1124

0.1274

0.1471

0.1739

0.2128

0.2740

0.3846

0.6452

3 2 1 0
Re(λ)

3

2

1

0

1

2

3

Im
(λ

)

Lowest Cost First Schedule

1.000

1.105

1.235

1.399

1.613

1.905

2.326

2.985

4.167

6.897

0.0909

0.1005

0.1122

0.1271

0.1466

0.1732

0.2114

0.2714

0.3788

0.6270

⇒ can be used for a first selection of optimum algorithms / parameters
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Conclusion

Current progress
▶ Main paper accepted : [Gander, L., Ruprecht & Speck, 2022]
▶ Python Library (in development with J. Hahne) :

https://github.com/Parallel-in-Time/time4apint

→ many algorithms implemented : Parareal, PFASST, ...
→ many time-stepping method available : Runge-Kutta, SDC, ...

Perspectives
▶ Generic open-source code for first accuracy & performance analysis

→ generic/robust implementations for many PinT methods,
→ documentation and tutorials, continuous testing, ...

▶ Implementation of a Website for demonstrations and first tests
▶ Extend analysis tool to more complex algorithms :

⇒ MGRIT-FCF, multi-level, ...
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